Abstract. By using new techniques with the degenerate Whittaker functions found by IkedaYamana, we construct higher level cusp form on E 
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Introduction
Let G be the adjoint exceptional algebraic group of type E ad 7,3 over Q and T ⊂ C 27 the corresponding bounded symmetric domain. In [16] we constructed holomorphic cusp forms of level one on T from cusp forms of level one for SL 2 over Q by using Ikeda's idea regarding a uniform structure of Siegel Eisenstein series and the theory of Jacobi forms of matrix index: In [6] , Ikeda originally gave a (functorial) construction of a Siegel cusp form for Sp 2n (rank 2n) from a normalized Hecke eigenform on the upper half-plane H with respect to SL 2 (Z). After this work, his construction was generalized to unitary groups U (n, n) [7] , O * (4n) [27] , quaternion unitary groups Sp(n, n) [10] , symplectic groups Sp 2n over any totally real field [8, 9] , and E ad 7,3 by the authors as mentioned above.
Recently, in [10, 28] , Ikeda and Yamana found a method, though the original idea came from Ikeda's paper [8] , of using the degenerate Whittaker functions and local Fourier-Jacobi expansions which make the proof not only simpler but also applicable to elliptic cusp forms for higher levels.
We apply their method to E 7,3 and generalize the results in [16] to elliptic cusp forms for higher levels. Due to a special feature of E 7,3 , our construction works even for cusp forms with any non-trivial central characters.
We now explain our main theorem. We refer to [16] for the several notations which appear below. Let ψ p : Q p −→ C × be a standard non-trivial additive character for each prime p and put ψ f = ⊗ ′ p<∞ ψ p . Let f = ∞ n=1 a f (n)q n be an elliptic newform of weight k with the central character χ so that the corresponding automorphic representation π ′ = ⊗ ′ p π ′ p = π ′ f ⊗ π ′ ∞ of GL 2 (A Q ) has no supercupidal local components. Then f is a non-CM form. For each prime p, π ′ p = π(µ 1p , µ 2p ), µ 1p µ 2p = χ p , or St GL 2 ⊗ ω p , ω 2 p = χ p . Here µ ip : Q × p → C are (unitary) characters, which are both unramified for almost all p, and St GL 2 is the Steinberg representation which is the subrepresentation of π(| · | 2p . Let S f be the set of finite places so that π ′ p = St GL 2 ⊗ ω p . Let π be any irreducible cuspidal constituent of the restriction of π ′ to SL 2 (A Q ), and let π = π f ⊗π ∞ . Then for p / ∈ S f ∪{∞}, π p is any irreducible direct summand of I 1 (0, µ p ) = Ind
B(Qp) µ p . (Here if µ p is a quadratic character, I 1 (0, µ p ) is a sum of two irreducible representations. Since f is non-CM, by [20] , any choice of irreducible direct summands gives rise to a cuspidal representation of SL 2 . It turns out that our lift does not depend on the choice. Hence for any grössencharacter χ, π ′ ⊗ χ will give rise to the same lift.)
Here B = T N 1 is the Borel subgroup in SL 2 . For p ∈ S f , π p = A 1 (|·| p ) is the unique submodule of I 1 (| · | p ) = Ind If p ∈ S f , we can define w |·|p n (φ p ) as the restriction of the same integral to A 1 (| · | p ). (replace L(1, µ p ) by ζ p (2) = (1 − p −2 ) −1 .) Now we define a constant c n (f ), which should not be confused with a f (n), by (1.1)
for all distinguished vector φ = ⊗ p φ p ∈ π f . Given an elliptic newform f , the constant c n (f ) always exists and is uniquely determined by f and its realization as an automorphic form on
We define similar functionals for G. Let P = MN be the Siegel parabolic subgroup such that M ≃ GE 6,2 . We naturally identify N with the exceptional Jordan algebra J. We write p B ∈ N, B ∈ J under this natural identification. Let us consider the degenerate principal series representation I(s, µ p ) := Ind 
Consider the admissible representation
and Π = Π ∞ ⊗ A f (π f ), where Π ∞ is the holomorphic discrete series of the lowest weight k + 8.
The choice of Π ∞ is predicted by Lemma 7.3. Then we have the main theorem: Theorem 1.1. Let k ≥ 2, and S k (T) be the space of cusp forms on T of weight k. Let e(x) = e 2πx √ −1 . Then Π is a cuspidal automorphic representation of E ad 7 . More explicitly, for φ ∈ A f (π f ), the holomorphic function
is a Hecke eigen cusp form in S k+8 (T), and gives rise to Π. We note that I k (φ)(Z) is exactly (8.1) in classical language.
Here an important point is that we can write down the Ikeda type lift quite explicitly. We use adelic languages to prove Theorem 1.1.
We denote by S k (H) the space of cusp forms on the upper half plane H of weight k. We also denote by S new k (H) ns the space generated by all elliptic newforms so that the corresponding automorphic representation π ′ = π ′ ∞ ⊗ ⊗ ′ p π ′ p does not have supercuspidal local components. Note that A f (π f ) does not depend on the choice of an irreducible cuspidal constituent of the restriction of the cusp forms in S new k (H) ns to SL 2 (A Q ). Hence we have the following map, which is not injective; if f ∈ S new k (H) ns , then for any grössencharacter χ, f ⊗ χ will give rise to the same lift. Corollary 1.2. For any integer k ≥ 2, there exists a C-linear map
which is functorial in the sense that it preserves Hecke eigen forms.
However, in some cases, we have an injective map: For a positive integer N , define Γ G 0 (N ) = {g ∈ Γ | (g mod N ) ∈ P(Z/N Z)}, where P is the Siegel parabolic subgroup in G. For a positive integer k ≥ 10, let S k (Γ G 0 (N )) be the space of cusp forms weight k with respect to Γ G 0 (N ) on T.
the space of elliptic newforms of weight k with respect to Γ 0 (N ) with the trivial central character.
N is square free. Then it is well-known [21] that if p|N , π ′ p is the Steinberg representation, or the unramified twist of the Steinberg representation. It is determined by the Atkin-Lehner eigenvalue:
where ξ is the unique non-trivial unramified quadratic character. Let S k (Γ 0 (N )) new,− be the space of new forms so that ǫ p = −1 for all p|N .
Suppose π ′ 1 and π ′ 2 are two cuspidal representations attached to two newforms in S k (Γ 0 (N )) new , and irreducible cuspidal constituents of
⊗ ω for a grössencharacter ω with ω 2 = 1. Since N is square free, ω p should be unramified for all p. There is no such nontrivial grössencharacter. Hence ω = 1. Therefore we have Theorem 1.3. Let N be square free. For any integer k ≥ 2, there exists a C-linear injective map
which is functorial.
Let Π be the cuspidal representation of E ad 7,3 associated to the cusp form on S k+8 (T). By [18, p.158 ], Π ∞ is a holomorphic discrete series if and only if k ≥ 10. When k = 9, it is the limit of holomorphic discrete series. It is known that dim S 10 (Γ 0 (2)) new = 1, and it is generated by f = q + 16q 2 − 156q 3 + · · · . So f gives rise to a weight 18 cusp form on T with a holomorphic discrete series. It is known that dim S 9 (Γ 0 (3), χ) new = 2, where χ is the odd Dirichlet character mod 3. The two generators will both give rise to the same cusp form of weight 17 on T with the limit of holomorphic discrete series. We have dim S 2 (Γ 0 (11)) new = 1. It is generated by f = q − 2q 2 − q 3 + · · · . It gives rise to a weight 10 cusp form on T where the infinity component is not a holomorphic discrete series, but some lowest weight representation.
Note that L E sc 7 = E ad 7 (C), and E ad 7 (C) does not admit the degree 56 representation. That is the reason why we should consider the Ikeda type lift Π as a cuspidal representation of E ad 7,3 . In order to define the degree 56 standard L-function, we consider Π as a cuspidal representation of GE 7,3 with the trivial central character. Finally, we compute the degree 133 adjoint L-function of Π. Even though E ad 7 (C) does not admit the degree 56 representation, but it does admit the degree 133 representation which is the adjoint representation.
is the symmetric square L-function.
Unlike the degree 56 standard L-function, L(s, Π, Ad) matches with the right hand side for
This paper is organized as follows. Since we are going to use the same notations in [16] , we will not recall the notations and basic facts from [16] . Instead we make some corrections in [16] in Section 2, since we need some of those facts. In Section 3, we supplement some facts we need in this paper. In Section 4, we recall the definition of modular forms for congruence subgroups on the exceptional domain. In Section 5, we study the degenerate Whittaker functions and Fourier-Jacobi coefficients in various settings. After reviewing well-known facts in Section 6 for automorphic forms on SL 2 (A Q ), we study local analogue of Fourier-Jacobi expansion in Section 7. The compatibility of the local and global computations play an important role to prove the main theorem. A basic idea is similar to the one initiated by Ikeda which goes as follows: first, we consider a formal series defined by Satake parameters of an elliptic modular form and the reciprocal polynomial defined by Siegel series; second, we prove its automorphy.
One key observation due to Ikeda and Yamana is to lift "automorphy" of an elliptic modular form (or automorphic forms in the cuspidal representation of the modular form in question)
by checking the compatibility as mentioned. In Section 8, we will complete proofs of the main theorems.
In Section 9, we interpret the Ikeda type lift as a CAP representation (Cuspidal representation Associated to a Parabolic subgroup). The Ikeda lift on Sp 2n is a CAP representation. However, the Ikeda type lift on E ad 7,3 is not a CAP representation in the usual sense since there are not many Q-parabolic subgroups of E 7,3 . We show that the Ikeda type lift on E ad 7,3 is a CAP representation in a more general sense.
Finally, we remark that W.T. Gan and H.Y. Loke [11] constructed modular forms on E 7,3 of level p. They are not cusp forms. They are obtained by computing the action of the Iwahori-Hecke algebra at p on the adelic form of the modular form of weight 4 constructed in [14] .
page 230, line -16:
page 237, line -3: In the Fourier expansion of E 2l (Z), T ∈ J(Z) ≥0 .
page 238, line 1:
page 238, line 18:
page 243, line 2: λ S should be replaced with the modified "σ S " as above. Accordingly we should have
page 245, line -10: It should be e −2π(T,Y ) in the integrand. page 249: In Section 11, we should take G to be the adjoint exceptional group of type E ad 7, 3 so that π F is a cuspidal representation of E ad 7,3 . In order to define the degree 56 standard Lfunction, we need to first extend π F to a cuspidal representation Π of GE 7,3 with the trivial central character.
3. Supplements to [16] We keep notations as in [16] and add some facts we need in this paper. Recall that H is the group generated by U 2e 3 and ι e 3 , and H ≃ SL 2 . We let h(a) ∈ H correspond to a 0 0 a −1 ; let
. Note that ι e 3 corresponds to 0 1
(3) v 1 (0, y, z) ∈ N and it is identified with z y
Proof. The first and third claim are clear. The second claim follows from Lemma 3.2 of [16] .
For (4), it is true for a generator of M such as m xe ij by (3.1) of [16] . Hence it is true for all elements in M.
For (6), since H is generated by n(b) and ι e 3 , by the cocycle relation, it is enough to prove
The first equality is obvious since n(b)p Z = p Z+be 3 . For the second equality, write ι e 3 p Z = 
Modular forms for congruence subgroups on the exceptional domain
Let G be the adjoint exceptional group of type E ad 7,3 . It is defined as G sc /{±1}, where G sc is the exceptional group defined in [1] . Let T be a fixed maximal torus of G. Let B be the standard Borel subgroup containing T. Let {β 1 , . . . , β 7 } be the set of simple roots of T in B, numbered as in Bourbaki [3] . The Satake diagram of E ad 7,3 is
The Q-root system is of type C 3 , and the Dynkin diagram of C 3 is
where λ 1 corresponds to β 1 , λ 2 to β 6 , λ 3 to β 7 . Here λ 1 , λ 2 have multiplicity 8, and λ 3 has multiplicity 1.
Let P = MN be the Siegel parabolic subgroup associated to λ 3 . Then M ≃ GE 6,2 . Let Q = LV be the maximal parabolic subgroup associated to λ 2 . Then the derived group of L is H × Spin(1, 9), and V is the Heisenberg group.
Let Γ = G(Z) be the arithmetic subgroup of G(Q). We define the principal congruence subgroup of level N (∈ Z >0 ) by
We call a finite index subgroup Γ in G(Z) a congruence subgroup if Γ contains Γ G (N ) for some N ∈ Z >0 . In fact, any finite index subgroup is a congruence subgroup.
For a function F : T −→ C, k ∈ Z ≥0 , and g ∈ G(R), we define the "slash operator" by
where j(g, Z) is the canonical factor of automorphy in [16] .
Definition 4.1. Let Γ be a congruence subgroup in G(Z). Let F be a holomorphic function on T which for some integer k > 0 satisfies
Then F is called a modular form on T of weight k with respect to Γ. We denote by M k (Γ) the space of such forms. For a holomorphic function F : T −→ C, the boundary map Φ is defined by
where Z ′ ∈ T 2 . We call F a cusp form of weight k with respect to Γ if F ∈ M k (Γ) and
We denote by S k (Γ) the space of cusp forms of weight k with respect to Γ.
By Koecher principle, the holomorphy at the cusps follows automatically. If F is a cusp
The converse is also true. We define
where the union runs over all congruence subgroups in G(Z).
In this paper, we work with adelic language. The translation between adelic language and classical language is easy by the strong approximation theorem as in [16, (5. 3)], namely, if F is a modular form in M k (Γ), we can define an automorphic formF on G(A) bỹ
Degenerate Whittaker functions
As in Section 3 of [10] , we study the degenerate Whittaker functions for the exceptional group G = E ad 7,3 in various settings. In this section we often use a natural identification J ≃ N given by B → p B .
5.1. Degenerate principal series: non-archimedean case. Let p be a rational prime. Let
is a split adjoint group of type E 7 . Let ψ : Q p −→ C × be the standard non-trivial additive character (defined as the composition of these homomorphisms:
character and s ∈ C, let I(s, µ) be the degenerate principal series representation of G(Q p ) consisting of any smooth K p -finite function
for any p ∈ P(Q p ) and g ∈ G(Q p ), where P = MN is the Siegel parabolic subgroup. Note that the modulus character δ P is given by δ P (mn) = |ν(m)| 18 p . We denote it also by I(s, µ) = Ind (2) dimWh B (I(s, µ)) = 1 for all character µ and B ∈ R 3 (Q p ). 
Proof. The irreducibility of (1) and (2) follows from [26] and [12] . The unitarity follows from [25] .
Here it is necessary that we take G to be the adjoint group. Indeed if G is simply connected and µ is quadratic, then I(0, µ) is reducible and a sum of two irreducible representations. Since the length of I(1, 1) is at most two by Corollary 5.1.2 of [26] again, V ∨ is uniquely determined up to isomorphism and we may denote it by A(µ). The latter part of (3) follows from the above exact sequence since B is non-degenerate, hence Wh B (|ν| −8 p ) = 0.
Jacquet integrals and Siegel series. Let us keep the notations in the previous subsection.
For u ∈ C, we define the function ε u on G(Q p ) by
and φ ∈ I(s, µ), we define the Jacquet integral by
It is absolutely convergent for Re(u) > 9 − Re(s) and in fact it is a polynomial in p −u (cf. [12] ).
Therefore we can evaluate w Proof. The claim is similar to Lemma 3.3 of [29] and the proof there is applicable to this case.
For simplicity, we denote w For B ∈ R 3 (Q p ), we denote by b(B, s), the Siegel series defined in [13] . Put γ(s) = where ζ p (s) = (1 − p −s ) −1 . Then it is well-known (cf. [13] ) that there exists a polynomial [13] or Section 6 of [16] ). Then by [13] , since ε s ∈ I(s − 9, 1), for B ∈ R 3 (Q p ), Recall that e(x) = e ∞ (x) = e 2π √ −1x for x ∈ R which gives an additive character of R. For B ∈ J(R) >0 and ℓ ∈ Z, we define
By using the properties of the factor of automorphy j(g, Z) and Lemma 3.1-(4), one can check
is the maximal compact subgroup of G(R). Note that K ∞ is the compact form of the exceptional group E 6 .
Note that m · B stands for mp B m −1 = p m·B and the readers should not confuse with mB which means m ∈ Aut(J) as in the definition of M ≃ GE 6,2 .
Similarly for SL 2 (R), we consider the degenerate Whittaker functions as follows. For ℓ ∈ Z and r ∈ R >0 , define
where j SL 2 (h, τ ) := cτ + d is the canonical automorphic factor for h = a b c d ∈ SL 2 (R) and
It is easy to see that
, and k ∈ SO 2 (R). Under the natural identification H(R) ≃ SL 2 (R), note that if we put τ := h √ −1, 
Let us define
Then A(µ f ) is a subrepresentation of ⊗ p I(s p , µ p ) and it turns out to be an admissible generic representation of G(A f ) by the following proposition. we define by
the B-th Fourier coefficient of F . We say that F admits "the holomorphic Fourier expansion of the weight ℓ" if F takes the following form
which is absolutely and uniformly convergent on any compact neighborhood of g. Here w B (g f , F ) is just a C-valued function on G(A f ) attached to each B but its relation to the Whittaker functionals will be given as follows: We denote by A ℓ (P(Q)\G(A Q )) the space of all smooth functions on P(Q)\G(A Q ) which admit the holomorphic Fourier expansion of the weight ℓ.
Lemma 5.6. If I : A(µ f ) −→ A ℓ (P(Q)\G(A Q )) is an intertwining operator, then there exists a complex number c B for each B ∈ J(Q) >0 such that
for m ∈ M(Q). Conversely for complex numbers {c B } B∈J(Q) >0 satisfying (5.5), if the formal series defined by
converges absolutely for any φ ∈ A(µ f ), then F(g; * ) defines an intertwining operator from A(µ f )
Proof. The converse is obvious. For each F ∈ A ℓ (P(Q)\G(A Q )) there exists a compact open
by the smoothness of F . Since F is also left N(Q)-invariant and J(Q)\U = J(Q)\J(A f ), we have that F (p z g) = F (p z∞ g) for z ∈ J(A Q ) and g ∈ G(A Q ). By using this and (5.2) it follows for
In particular, for z f ∈ J(A f ) B (p) = |a| A . We factor it as
We often drop "p" from the notation I 1 (s, µ p ) when we are in a local situation. Let ℓ be a positive integer, and let f be a newform in S new ℓ for f to exist. To such a f , we can associate an automorphic form φ f :
, and h ∞ ∈ SL 2 (R) where K 1 (N ) is the subgroup of SL 2 ( Z) consisting of the elements so that they are congruent to 1 * 0 1 modulo N . Let π ′ = ⊗ ′ p π ′ p be the automorphic representation of GL 2 (A Q ) associated to f . Let S f be the set of all finite places p so that π ′ p = St GL 2 or its twist. Then by assumption, if p / ∈ S f ∪ {∞}, up to twist π ′ p ≃ π(µ 1p , µ 2p ) for some (unitary) characters µ ip : Q × p −→ C × , i = 1, 2 so that either of µ ip , i = 1, 2 is unramified (cf. Proposition 2.8 of [21] ).
Let π be the cuspidal automorphic representation of SL 2 (A Q ) associated to φ f . We factorize it as π = π f ⊗ π ∞ = ⊗ ′ p π p . Then we see that
where
2p , and π p is an irreducible direct summand of
The Whittaker-Fourier expansion of φ f takes a form
where c r = c n (f ) when r = n, which we will show below. Since φ f (h) is left invariant by the action of SL 2 (Q), by (5.3) and (7.1), we have a property which plays an important role:
for all a, r ∈ Q >0 . The coefficients {c r } r∈Q >0 have the following distinguished properties:
Proposition 6.1. For any Φ ∈ A 1 (π f ) and η ∈ Q >0 , the series
is absolutely convergent and it defines a cuspidal automorphic form on SL 2 (A Q ).
Proof. The convergence follows from the Whittaker-Fourier expansion and the estimates of c ηr .
In a usual way we can associate to f , a cuspidal automorphic form ϕ f of GL 2 (A Q ) so that its restriction to SL 2 (A Q ) coincides with φ f . Then it is easy to see that the restriction of
From this we have
Therefore F (Φ, {c ηr } r ) is automorphic. The series can be written as a linear combination of the left translations of φ f,η since (φ f ) f generates A 1 (π f ). Hence we have the claim.
To end this section we will explicitly compute {c t } t∈Q >0 for f . Let us keep the notations as
a f (n)q n be the normalized Fourier expansion. We factorize ϕ f = ⊗ ′ p ϕ p as an automorphic form on GL 2 (A Q ). The first task we have to do is to make explicit the relationship between ϕ p and a unique local newform f new p of π ′ p defined in [24] . By (6.4) and the multiplicative property, we have to compute only c p (f ) for each prime p. We can obtain the necessary other information by using Hecke operators and epsilon factors.
Let us first consider the case when π ′ p = π(µ 1p , µ 2p ) is unramified. Put α = µ 1p (p −1 ) and β = µ 2p (p −1 ) for simplicity. Therefore µ p (p) = β α . Note that the convention for the Satake parameters is slightly different from the one in [24] but we may simply replace (α, β) with (β, α).
Then by (6.2) and the observation in Section 8 of [22] for the relation between the global Hecke operators and the local Hecke operators, we see that
. Assume that α = −β. Then by Lemma 2.2.1 of [24] (applied for the additive character ψ = ψ p with the conductor c(ψ) = −1) and (1.1), we see that
Since a f (p) = p ℓ−1 2 (α + β), we have c p (f ) = αp ℓ 2 . When α = −β, a f (p) = 0, and we cannot apply the same method since both sides are zero.
Instead of local newforms, we use the p-stabilized form given by f α (τ ) = f (τ ) − p ℓ−1 2 βf (pτ ) (cf. Section 9.1 of [22] ). Then its local component f α,p becomes, in terms of the newform,
Summing up, we have the same result c p (f ) = αp . Next we consider the case when π ′ p is a twist of the Steinberg representation. Since we will factor through SL 2 , in our purpose we may assume that π ′ p is a unique submodule of π(|·| 
where m is the product of all primes p|n so that ord p (n) is odd.
Fourier-Jacobi expansions
As seen in Section 5 of [16] , for each S ∈ J 2 (Z) + , the S-th Fourier-Jacobi coefficient of a modular form F on T is represented by a finite sum of the products of theta series and elliptic modular forms. An idea of Ikeda and Yamana is to interpret this computation in terms of adelic language and check the compatibility of local computations and a global computation. Recall from Lemma 3.1 that X ⊕ r = X 0 0 r and R r,x = v 1 (x, 0, 0) · (X ⊕ r) = X Xx t xX r + σ R (x, x) .
7.1. The non-archimedean case. Let p be a rational prime number and µ a character of Q × p . Recall the Weil representation ω ψ S for S ∈ R 3 (Q p ), and the fixed non-trivial additive character ψ : Q p −→ C × acting on the Schwartz space S(X(Q p )), where X = {v 1 (x, 0, 0) | x ∈ C 2 } is given by the new coordinate v 1 .
The following is a local analogue of Theorem 7.1 of [16] :
Proof. By the computation in p.243 of [16] (but a modification is necessary and see the remark below), we have
The invariance for SL 2 (Q p ) and V(Q p ) is clear from this formula. The convergence follows from the smoothness of f . The condition "Re(s) > −1" is necessary to make sense of the normalizing factors in front of the integral. By a similar computation done in page 243 of [16] we can check the map takes the image in I 1 (u, µ).
For t ∈ Q × p and φ ∈ I 1 (s, µ), define
Lemma 7.2. For φ ∈ I(s, µ), t ∈ Q × p , and Φ ∈ S(X(Q p )), the equality
holds, where
Proof. A direct computation shows
Since this integral is absolutely convergent, we can change the order of the double integral.
Clearing up the factors we have the claim.
7.2. The archimedean case. For R ∈ J 2 (R) >0 , define Φ R ∈ S(X(R)) by Φ R (x) = e(−2πσ R (x, x)).
Recall the degenerate Whittaker functions W (ℓ)
R⊕r , W
r in Section 5.3.
Lemma 7.3. For R ∈ J 2 (R) >0 , r ∈ R >0 , h ∈ SL 2 (R) and ℓ ∈ Z ≥0 , the equality
where C(R) = det(R) ℓ−4 2 −16 .
Proof. It easy to check that ω
, and x ∈ X(R). Note that (R r,x , h(E √ −1)) = √ −1Tr(R) + rτ + σ R (x, x)τ . Then by Lemma 3.1, (5.4) and (5.
2) a direct computation shows
where the last equality follows from the formula
(see the line -2 in page 252 of [16] ).
A −→ C × be the standard non-trivial additive character so that ψ ∞ = e ∞ . For S ∈ J 2 (Q) >0 we define the (finite) global Weil representation
For F ∈ A ℓ (P(Q)\G(A Q )) and take its holomorphic Fourier expansion of weight ℓ as
For Φ ∈ S(X(A f )) we define the (S, φ)-th Fourier-Jacobi coefficient by
The following lemma is an analogue of the argument at line 5-6, p.246 in [16] :
Lemma 7.4. Keep the notation as above. Then for F ∈ A ℓ (P(Q)\G(A Q )),
Proof. By the definition
Observing the integral at the archimedean place we see that the sum inside the integral runs over B ∈ J(Q) >0 so that B = S * t * * . Further such a B can be written as
for some λ ∈ X(Q) and r ∈ Q >0 . By (5.6) one can check that
and hence we have
For B = S r,λ we see that det(B)
which is independent of λ.
By Lemma 3.1, we have
On the other hand we see easily that
Since the integral of ψ S (2σ(λ − ξ, y)) over Y (Q)\Y (A Q ) is zero unless ξ = λ. It follows from this
Next we prove the second claim: "only if" part is clear. Put w
Let C S be an open compact subgroup of J(A f ) such that F S is right invariant. By the admissibility of ω S,f , dim(ω S,f ) C S is finite. Therefore we can take an orthonormal basis {φ 1 , . . . , φ k } of (ω S,f ) C S .
Recall that Q = LV, where the derived group of L is H × Spin(1, 9), H ≃ SL 2 . For g ∞ 1 ∈ Spin(1, 9)(R), v 1 ∈ V(A Q ), and h ∈ H(A Q ), one can write
Here c is a constant depending only on g ∞ 1 and S. By Iwasawa decomposition, G(R) = Q(R)K ∞ , where K ∞ is a maximal compact subgroup of type E 6 . Hence any element g ∈ G(A Q ) can be written as
By using this we have
. 
In light of Lemma 7.3, the infinity type of the Ikeda type lift is the holomorphic discrete series of lowest weight k + 8. For φ ∈ I(µ 2 f ), consider a formal series
By Lemma 5.4 and Proposition 6.2 this series is absolutely convergent and the relation (8.1)
implies that F(g; ) ∈ A(P(Q)\G(A Q )). By Lemmas 7.2 and 7.4, for Φ ∈ S(X(A f )) and S ∈ J 2 (Q) >0 we have
is an automorphic function on SL 2 (A Q ). Hence it is invariant by SL 2 (Q) from the left. Therefore by Lemma 7.4-(2) F(g; φ) is automorphic. Now by translating it into classical language we obtain (1.2), which is a Hecke cusp form in S k+8 (T).
By definition the formal series (8.1) is a Hecke eigen if φ = ⊗ p<∞ φ p is a Hecke eigen vector (for example, we may choose the local sections φ p for p ∤ N defined in Section 8.2). Corollary 1.2 now follows from this. where χ = s(e 1 − e 9 ) + 1 2 (−e 1 + 2e 2 − e 9 ) + (8e 3 + 7e 4 + 6e 5 + 5e 6 + 4e 7 + 3e 8 ) in the notation of [16, p. 249] . Langlands-Shahidi method gives rise to the γ-factor, and defines the L-function as the reciprocal of the numerator of the γ-factor. Due to cancellation of the factors, we obtain L(s, Π p , St) to be the local factor of the right hand side in Theorem 1.4.
Degree 133 adjoint L-functions of the Ikeda type lift
We use the same notation as in [15] : We take simple roots, α i = e i − e i+1 , i = 1, 2, 3, 4, 5, 6, α 7 = e 5 + e 6 + e 7 + e 8 . Here (e i , e i ) = Recall that if p ∤ N , the p-adic component of the Ikeda type lift Π is given by Π p = 2s p (e 1 + e 8 ) + 8e 2 + 7e 3 + 6e 4 + 5e 5 + 4e 6 + 3e 7 + 11e 8 .
in the notation of [15] . 
If p|N , we follow Section 8.3 to define the local factor. Namely, if π p = St GL 2 , Π p is the subrepresentation of Ind where P 2,...,2 is the standard parabolic subgroup of Sp 2n with the Levi subgroup GL 2 × · · · × GL 2 (n factors).
When G = E ad 7,3 , we constructed the Ikeda type lift F f associated to f . Let Π F = ⊗ p Π p be the cuspidal representation associated to F f . Then for all finite prime p, G(Q p ) = E ad 7 (Q p ) is the split group of type E ad 7 , and for p ∤ N , Π p = Ind E ad 7 (Qp) P(Qp) |ν(g)| 2sp , where P is the Siegel parabolic subgroup such that P = MN, M ≃ GE 6 . Here Π F is not a CAP representation in the usual sense since there are not many Q-parabolic subgroups of E 7,3 .
We show that Π F is a CAP representation in a more general sense, namely, there exists a parabolic group R = M ′ N ′ of the split E ad 7 and a cuspidal representation τ = ⊗ p τ p of M ′ (A Q ), and a parameter Λ 0 such that for almost all finite prime p, Π p is a quotient of Ind Then when π p is unramified, 
